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It is shown that a map between nilpotent spaces becomes an equivalence upon P-profinite 
completion, where P is a collection of primes, if and only if it is an equivalence with respect to 
mod p homology for all p in P. Homological criteria for a homomorphism between nilpotent 
groups to become an isomorphism or an epimorphism under P-proiinite completion are given. 
These results are relativised to nilpotent fibrations and relative groups. 
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1. Introduction 
In this paper we study the maps between two nilpotent spaces, not necessarily 
of finite type, which are carried into homotopy equivalences by P-profinite comple- 
tion. The problem can be stated and solved without using completions, which is 
what we do. We also look at the analogous question for groups. 
Fix P, a collection of (integral) primes. We call a finite group F a finite P-group 
if the order of F is a product of primes from P Let f be a homomorphism from G 
to H, G and H being nilpotent groups. We ask the question, “When is 
f*: Hom( H, F) + Hom(G, F) a bijection (injection, surjection) for all finite P- 
groups F?” It is natural to conjecture that it will be so if it is true for finite nilpotent 
P-groups F. It is trivial to prove this for surjectivity. Mislin showed by an ingenious 
argument that it is true for bijectivity. We will prove it for injectivity directly, while 
vastly generalizing the scope of the result. We also give cohomological criteria for 
f* to be injective, surjective or bijective. 
The corresponding question in homotopy theory is as follows: “Let f be a map 
from X to Y, X and Y being nilpotent. When is f* : [Y, F] + [X, F] bijective for 
all F whose homotopy groups are finite P-groups?” The answer, known previously 
for spaces which are simply connected or nilpotent of finite type, is when f induces 
isomorphisms in homology with mod p coefficients for all p in P We show that this 
is still correct for any pair X, Y of nilpotent spaces. 
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These questions can be phrased in terms of P-profinite completion: Given a group 
homomorphism f from G to H, f* : Hom( H, F) + Hom( G, F) is bijective for all 
finite P-groups F iff it is bijective for all profinite P-groups F. Since Hom(?, F) = 
Hom(( F) for all profinite P-groups F, the Yoneda Lemma then implies that 
fp, the P-profinite completion off; is an isomorphism. Similarly f* is injective for 
all finite P-groups if jp is an epimorphism. That f* be surjective for all finite 
P-groups F is a weaker requirement than asking that & be a split monomorphism. 
A similar discussion applies in the topological case. 
The results are stated in Section 2. Preliminary group theoretic results are in 
Section 3 and the proofs proper are in Sections 4 and 5. The last section is a 
collection of various remarks. 
2. Statement of results 
Recall from [4] that a relative group is an epimorphism 4 : G + Q of groups. We 
will say that 4 is a group over Q. A morphism from #I : G + Q to (I, : H + Q is a 
group homomorphism (Y from G to H s.t. $a = 4. We may write LY : 4 + I,!L We write 
(4, $) for the collection of morphisms from 4 to I/J. We use M and iV to denote 
the kernels of 4 and $ respectively. If a group G acts on another group M, the 
lower central series for this action is defined inductively as follows: ZFjM = M; 
Tg’M=subgroup generated by {a(g. b)a-‘b-‘IaE M, bEZbM, gE G}. In the 
situation of relative groups, we denote Z&M by P”$J. We say that 4 is nilpotent if 
r”+ is trivial for large n. Further we say that 4 is weakly nilpotent if M is nilpotent 
and that 4 is a finite P-group if M is a finite group whose order is a product of 
primes from P. 
We keep Q fixed. However given a group R and f: Q + R, a group homomorphism, 
pulling back along f gives a “change of base” functor. This allows us to consider 
arbitrary Q if need be. 
We are now ready to state our results. Fix P, a collection of primes. In all the 
statements, 4 and I/J are groups over Q and (Y is a morphism from 4 to $, inducing 
a*:($, 7)+(4,~) for any group T over Q. 
Theorem 1. The following statements are equivalent: 
(1) For any weakly nilpotentfinite P-group T over Q, a* : ( I+!I, T) + (4, r) is injective. 
(2) For any (Z/p) [Q]-module A which is finite as a group and PEP, 
a*:H’(H,A)+ H’(G,A) in injective. 
(3) Coker( Mat, + Nah)@Z/p has no non-trivial Q-stable subspace of finite 
codimension for any p in P. 
(4) Given p : I,!I + T, where T is a finite P-group over Q, for any positive integer i, 
P(H) is equal to /?(G)p(Z’N). 
Zf + is weakly nilpotent, they are all equivalent to 
(5) For any Jinite P-group T over Q, a * : ($I, T) + (4, 7) is injective. 
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We also prove a result bearing on the surjectivity of LX*. 
Theorem 2. Suppose that for any p in P and any (z/p)[Q]-module A which is finite 
as a group, a * : H*(H, A) + H2( G, A) is injective and a* : H’( H, A) + H’( G, A) is 
subjective. Then, for any weakly nilpotent finite P-group T over Q, a* : ($, T) + (4, T) 
is surjective. If, in addition, $ is weakly nilpotent, a* is a surjective for any finite 
P-group r over Q. 
Replacing the weak nilpotency hypothesis by a nilpotency hypothesis, we have, 
corresponding to Theorems 1 and 2. 
Theorem 3. The following statements are equivalent: 
(1) For any nilpotent ,$nite P-group r over Q, a* : ($, T) + (4, T) is injective. 
(2) For anyp in P, a*: H’(H,Z/p)+ H’(G,Z/p) is injective. 
(3) For any p in P, coker(Mlr’4 + N/T’$)OE/p is trivial. 
(4) Given B : I/J + r, where r is a jinite P-group over Q, for any positive integer i, 
B(H) is equal to B(G)B(~‘I,!J). 
If $ is nilpotent, they are all equivalent to: 
(5) For any jinite P-group T over Q, CY* : ($, T) + ($, T) is injective. 
Theorem 4. Suppose that for any p in P, LX* : H ‘( H, Z/p) + H ‘( G, z/p) is injective 
anda*:H'(H,h/p)+H'(G,Z/p) . 2.9 surjective. Then for any nilpotent$nite P-group 
T over Q, CY * : ( I,!J, T) + (4, r) is surjective. Zf C$ is nilpotent then cy * is surjective for any 
finite P-group r over Q. 
Remark. For any prime p, a/p is a field, H’(G, E/p) is the dual of Hi( G, P/p) and 
LX* is the transpose of LX*. Now the transpose of a linear map over a field is injective 
(surjective) if and only if the original map is surjective (injective). Thus the condition 
in Theorems 3 and 4 can be stated using homology rather than cohomology. We 
have left the conditions in their present form to preserve the similarity between 
Theorems 1 and 3 and between Theorems 2 and 4. 
The corresponding results in the topological category are: 
Theorem 5. Let 4i : E, + B, for i = 1,2, bejibrations over B with nilpotent$bers F, and 
CY : c$, + @2 a map over B. Assume also that a, : H,( F,, E/p) + H,(F,, Z/p) is an 
isomorphism for any p in P. Then given a jibration r over B, such that the jiber of r 
is path connected and all its homotopy groups are finite P-groups, LY*: [c#I~, T]~+ 
II+, > 718 is a bijection. 
Theorem 6. Let c$! : E, + B, i = 1,2, be nilpotent$brations and cx : 4, + & a map over 
B. Then the following are equivalent. 
(1) Whenever r is a fibration over B, whosej?ber is path connected and hasjinite 
P-groups for its homotopy groups, a* : [$J~, ~1~ + [4,, ~-1~ is bijective. 
(2) For any prime p in P, a, : H,( E, , E/p) + H,( E,, Z/p) is an isomorphism. 
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Here [ 4, rlB is the set of fiber homotopy classes of maps over B from 4 to T. 
3. Preliminaries 






We regard M and N as subgroups of G and H respectively. Abusing notation, we 
also let (Y stand for the homomorphism M + N. 
Recall the next two results from [4]. 
Proposition. There is a short exact sequence 
M-N!xG+H, 
m -+ (c.u(m_‘), m), (n, g) + na(g), 
where N K G is the semi-direct product of N and G with respect to the action of G on 
N given by g. n = (ag)n(cug-‘). 
Corollary 2. Given a group L and homomorphisms p : N + L, y : G + L, there is a 
homomorphism 6 : H + L extending /3 such that SLY = y if and only if yI ,,, = pa, and 
p(g. n) = y(g)P(n)y(g-‘). The homomorphism 6 is then unique. 
Corollary 3. The natural homomorphism 
c : coker(Mlr4 + + coker( Gab + Hah) 
is an isomorphism. 
Proof. Write C for the domain of c and D for the codomain of c. Since H = NLX( G), 
c is surjective. Let p : N -+ C be the projection and y : G + C the trivial homomorph- 
ism. Then Corollary 2 applies and gives 8 : H + C s.t. &r is trivial and 81 N is p. 
Obviously 6 factors through D, giving the inverse of c. q 
Lemma 4. There is a natural epimorphism 
G~~‘,“O(M/T~)~T”~/T”+‘~. 
given by [g,lO* . *C3k,lO[ml+[g,[. . . [g,, m. . * III. 
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Proof. The mapping is clearly surjective. That it is a homomorphism is standard; 
see, for example, [ 11, p. 3 and p. 91. q 
Corollary 5. If LY,,, : Gut, + Huh is H = 
(r’d~). a(G). 
Proof. We have a commutative diagram, where by Lemma 4, the horizontal arrows 
are epimorphisms: 
l+~/P’cp 
H:j@(N/I’+) - rh+ /rk+‘* 
The left-hand vertical arrow is surjective by assumption and by Corollary 3. Hence 
the right-hand vertical arrow is surjective, i.e., lTk+ = (I’kt’$)a(rk@). Thus 
H=N~a(G)=(r”i,b)a(G)=... 
= (r”+)a(r”p’4). . . ~(r”~)~(G)=(r”~)~(G). 0 
Corollary 6. If the homomorphism Mrrh + Nab induced by a is surjective, then for any 
positive integer k, H = (I”‘N)a(G). 
Proof. Corollary 5, applied with Q = 1, G = M, H = N shows that N = (r“N)a(M). 
Hence H = Na(G) = (r”N)a(M)a(G) = (rkN)a(G). 0 
The next two results are the basis of our inductive arguments. 
Lemma 7. Let M be a nilpotent finite P-group. Then there is a decreasing sequence 
M=M,,>M,... > M, = (1) of characteristic subgroups of M such that for any i, 
Ma/M,+ I is central in M/M,+, and for some p, in P, p,(M,/ M,,,) is trivial. 
Proof. We first prove the lemma for abelian M by induction on the order of M. 
The result is trivial if M is of prime order. If not, let p divide the order of M. Then 
pM is a proper subgroup of M. Construct the sequence for pM and adjoin M at 
the beginning. 
Next we prove the result for nilpotent M by induction on the nilpotency class 
of M. Since M/TM is abelian, we have a sequence of the desired type for it. Pull 
this back to M and adjoin it to the sequence for TM. 0 
Lemma 8. If 4 is a nilpotentfinite P-group over Q, there is a sequence M = MO> . . . > 
M, = 1 such that for any i, M, is normal in G, M,/ M,,, is central in G/M,+, and for 
some p, in P, M,/M,+, is a cyclic group of order p,. 
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Proof (by induction on the order of M). If M is of prime order, M must be central 
in G: Since 4 is nilpotent, r4 # M. So r4 = 1. The lemma follows trivially. Other- 
wise, let r”+ # 1 = .“+‘4. Let C be a cyclic subgroup of r”4, of prime order. Since 
rg < T(T”4) = 1, C is central in G. Construct a sequence of the desired type for 
M/C H G/C ++ Q, pull it back to M and adjoin C at the end. 0 
Lemma 9. Consider a commutative diagram, with top row exact and A abelian: 
G-H 
a 
A homomorphism 6, as indicated, exists making the triangles commute if 
H2(H, A) + H*(G, A) is injective and H’(H, A)+ H’(G, A) is surjective. It will be 
unique if the latter is injective and HO( H, A) + HO( G, A) IS surjective. (The cohomology 
is taken with local coeficients.) 
Proof. Replace each group by the corresponding K( r, 1) and apply standard 
obstruction theory. 0 
Lemma 10. Let f: X + Y be an n-connected map of path connected spaces where n z 2. 
Let A be a local coeficient system on Y. Then f*: H’( Y, A)+ H’(X, f”A) is an 
isomorphism for i < n and a monomorphism for i = n. 
Proof. Without loss of generality we can assume that f is an inclusion. Let ? be 
the universal cover of Y and 2 its restirction to X. Regard A as a rr = x, Y module. 
Then H*( Y, X; A) = H*(Hom,(C,( c g), A)), where C,( t 2) is the chain- 
complex of the pair ( ?, J?), considered as a rr-module via covering transformations. 
This chain-complex is free over the group-ring of z-. So we have a universal coefficient 
spectral sequence Extz(H,( ?, g), A)+H”+Y( Y, X; A). Since (?, 2) is n- 
connected, H,,( p, 2) = 0 if p s n. Hence H’( Y, X; A) = 0 if i 5 n. The cohomology 
long exact sequence completes the proof. 0 
4. Proofs of Theorem l-4 
We first prove Theorems 2 and 4. 
Proof of Theorem 2. Let the hypothesis hold. Let r be a weakly nilpotent finite 
P-group over Q, where we have L + K L Q. By Lemma 3.7, there are characteristic 
subgroups L = L, > . . . > L, = (1) of L such that L,/L,+, is central in L/L,+, and 
for each i, there is ap, in P such that pi( L,/ L,,,) is trivial. Since L is finite so is Li/ L,,, . 
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Let /3 : C#J + T be given. We will construct yi: H + K/L, by induction on i such 
that yip = (pr),P where (pr), is the projection K + K/L, : Since L,, is L, I,!J will do 
as -yo. Assume that y, has been constructed. Then we have a commutative diagram 
with exact bottom row: 
LilLi+l >------f K/L+, - K/L,. 
P’ 
Here pr denotes the appropriate projection. 
Now L,IL,+, is abelian. Furthermore K acts on L,/L,+, and its restriction to L 
is trivial. Thus there is a p, in P such that Li/L,+’ is a (Z/p,)[Q]-module and is 
finite as a group. H acts on L,/ L,+, via Q. Thus by hypothesis and Lemma 3.9, yI+, 
exists. We take y to be y,. 
The last sentence of Theorem 2 follows by a standard argument: Let p be a 
morphism of 4, now assumed to be weakly nilpotent, to T, a finite P-group over Q. 
Then the image of p is weakly nilpotent finite P-group over Q. By the first part of 
the theorem, 4 + im p factors through (Y. Hence so does p. q 
Proof of Theorem 4. This runs exactly as above except for one change: we use 
Lemma 3.8 instead of Lemma 3.7; then L,/L,+, and Z/p,, for some pi in P, are 
isomorphic as Q-modules, as needed. 0 
The proofs of Theorems 1 and 3 are quite similar to each other. In each case we 
prove the following implications: (2)@(3); Not (2)jNot (1) and Not (4); (5)+(l); 
(3)+(4); (1) and (4)*(5) with the subsidary hypothesis on 4; and (2)+(l). These 
implications are enough to prove the theorems. We use (WN) to denote that we are 
dealing with the case of weakly nilpotent relative groups and (N) for the case of 
nilpotent relative groups, 
(2)=+(3) (WN) For any Q-module A, we have the following diagram with exact 
rows: 
0 - H’(Q,A) - H’(H,A) - Homo(J%, A) - H*(Q, A) 
II I II 
0 - H’(Q, A) - H’(G,A) - Homo(Mab, A) - H2( Q, A) 
(see p. 202 of [7]). An elementary diagram chase shows that H’(H, A) + H’(G, A) 
is injective if and only if Homo(N,,, A) + Homo(M,,,, A) is. Since the latter has 
as kernel Homo( C, A) where C is the cokernel of the homomorphism I&, + Nab 
induced by (Y, H’(H, A) + H’( G, A) is injective if and only if Homo( C, A) is trivial. 
If A were a (Z/p)[Q]-module, then Homo(C, A) would be isomorphic to 
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Homo(C@Z/p, A). Thus (2) is true if and only if Homo(C@Z/p, A) is trivial 
whenever p is in P and A is a (E/p)[Q]-module which is finite as a group. But the 
Q-stable subspaces of C@Z/p of finite codimension are exactly those which can 
occur as kernels of elements of Homo( COP/p, A) with A of the allowed form. 
Hence (2) is true if and only if (3) is. 
(N) Since H’(G, Z/p) is isomorphic to Hom(Gah, Z/p), the kernel of the 
homomorphism H’( H, Z/p) + H’( G, Z/p) is Hom( C, Z/p) where C is 
Hah/cxnh( Guh). Now Hom( C, Z/p) is isomorphic to Hom( COZ/p, Z/p). Since CO 
Z/p is a vectorspace over the field Z/p, COZ/p is trivial if and only if Hom( CO 
h/p, Z/p) is; i.e., if and only if (2) is true. But by Corollary 3.3, COZ/p is trivial 
if and only if (3) is true. 
Not (2)j Not( 1) and Not (4) Since (2) fails, for some suitable A, H’( H, A) + 
H’( G, A) is not injective. Let 6’ be a cocycle, not cohomologous to zero, of H such 
that (cab’ is a coboundary. Thus there exists a in A so that a -ga = b’(ag) for all 
g in G. Define a new 1-cocycle of H by b(h) = b’(h) - a + ha. Then a*b is trivial. 
Let T be the group A D< Q+ Q, the semi-direct product of A and Q, over Q. Define 
p, y:+-+ T by P(h)=(b(h), q?(h)), -y(h)=(O, q+(h)). Since b is 1-cocycle, /3 is a 
morphism. Clearly y is also a morphism. Since a*b is trivial, pa and ya are equal. 
Since b is non-zero, p is not equal to y and p(H) is not Q. 
(WN) Since A is a finite abelian P-group, r is a weakly nilpotent finite P-group 
over Q. For i > 0 p (T’N) is contained in T’A and is thus trivial. So /? (~‘N)@I (G) = 
Q+P(W. 
(N) Here we can take A to be Z/p for some p in P and simple as a Q-module. 
Thus T is a nilpotent finite P-group over Q. For i>O, p(r’$) is contained in T’T 
and so is trivial. So P(l’i$)pa(G)=Q#P(H). 
In either case (1) and (4) fail. (5) clearly implies (1) in both cases. 
We fix some notation before proving the rest of the implications. Let T be a group 
over Q and P:$-+T. We denote P(H), P(N), Pa(G), pa(M) by fi, I?, 6, A?l 
respectively. We let C and B stand for the cokernel of the homomorphism M/T4 + 
N/T+ and Mah -+ Nab respectively. We define e and g analogously. Note that we 
have a diagram with exact rows. 
M-G-Q 
L -K-Q 
(3)+(4) (WN) Statement (3) says that for any p in P, any finite quotient 
Q-module of B@Z/p is trivial. So l?@Z/p is trivial for all p in P. l? is a finite 
P-group since L is. So I? = 0. By Corollary 3.6, k = (r’fi)G. 
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(N) For any p in P, COZY/p=0 by (3) and so C?OZ/p=O. But c is a finite 
P-group since L is. Hence C? is trivial and Corollary 3.5 completes the proof. 
(1) and (4)*(5) if+ is (weakly) nilpotent Let y : Ic, + T be given so that y’~ = /?a. 
(WN) y(H) = y(r’H)ya(G) by (4) 
= 1 ~a( G) for large i since $ is weakly nilpotent. 
(N) y(H) = r(r’+)r~(G) by (4) 
= 1 ya(G) for large i since I,!J is nilpotent. 
In either case y(H) = ya( G) = pa(G) c fi. Then (1) implies that y = p. We finish 
the proofs of the theorems by proving that (2)+(l). 
(WN) We use the same notation as above. Assume further that T is weakly 
nilpotent. Consider the sequence L = L,>. . . > L, = { 1) given by Lemma 3.7. We 
will prove that p = y(mod Li) by induction on i, where p = y(mod Li) means that 
for any h in H, p(h)?(h)-’ is in L,. Since TP and my are both I/J, p = y (mod L,). 
Suppose that p = y (mod L,). Then we have a diagram, with exact bottom row, 
where pr stands for appropriate projections. Note that H”( H, A) = A’ = H”( G, A) 
and that by assumption, H’( H, A) injects into H’( G, A), where A = L,/L,+, . The 
uniqueness part of Lemma 3.9 now completes the induction. Since L, = {l} the result 
follows. 
(N) We argue as above, this time using Lemma 3.8. The modifications needed 
here are the same as in Theorem 4. 
5. Proofs of Theorems 5 and 6 
Proof of Theorem 6. Taking K (Z/p, n) x B P’ B for r, we see that (l)+(2). That 
(2)=+(l) is a consequence of Theorem 5: Arguing as in [6], replacing Z by Z/p as 
the coefficient group for all homology groups, we see that LY*: H,(F,, Z/p) + 
H,(F,, P/p) is an isomorphism whenever p is in P Since the 4, are nilpotent 
fibrations, their fibers are nilpotent. So Theorem 5 applies. 0 
Proof of Theorem 5. By standard obstruction theory it is enough to show that: 
(1) For any relative finite P-group O:rr++ v,B, a*:(~,&, T)~,~+(I~~,E,, T),,~ 
is a bijection. Here (r,E,, n),,B is the set of homomorphisms from n, E, to rr over 
?T,B. 
(2) For any rr as in (l), any r-module A whose abstract group is a finite p-group 
and any homomorphism from n, E, to rr over -irIB, a*: H*(E,, A)+ H*(E,, A) is 
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an isomorphism. Here cohomology is taken with local coefficients, with rr, E2 acting 
on A via rr. 
Let A be any v,B-module, which as a group is a finite P-group. Let i be 1 or 2. 
Then A is simple as a rr,F,-module. Since A has a composition series, all of whose 
factors are of the form Z/p, p in P, H*(F2, A) + H*(F, , A) is an isomorphism. We 
have a morphism of Serre spectral sequences [for twisted cohomology] 
H”(B, W’(F,, A)) m Hp+4(E,, A) 
I I 
HP(B, H9(F,, A)) ___j Hpty(E,, A) 
which is an isomorphism at the E2 level. Thus H*(E,, A) + H*(E,, A) is an 
isomorphism. We get a square 
H’(r,E,, A) - ff’(&, A) 
H’(s-~E,, A) - H’(E,, A). 
The right-hand vertical map is an isomorphism for any i. By Lemma 3.10, applied 
with X = Ei, Y = K(n-, E,, l), the horizontal maps are isomorphisms for is 1 and 
monomorphisms for i = 2. Hence the left-hand vertical map is an isomorphism for 
i c 1 and a monomorphism for i = 2. Since the kernel of r, E, + v, B is a quotient 
of rr, F,, 7r, F, + 7r, B is weakly nilpotent. This, in view of Theorems 1 and 2, completes 
the proof of (1). 
Proof of (2) We let rr and A be as in (2). We have to show that H*(E2, A)+ 
H*( E, , A) is an isomorphism. Arguing as in the proof of (1) above we see that we 
only have to prove that H*(F,, A) + H*(F,, A) is an isomorphism. Note that, by 
Theorem l(4) and the proof of (l), rr,E, and n,E, have the same image in rr. 
Replacing v by this image does not affect the cohomology. Hence we can assume 
that rr, E, maps onto V. Then rr, Pi will map onto G, the kernel of n + 7~~ B, for i = 1,2. 
Consider the class C of all G-modules such that the homomorphism 
(Y*: H*(F,, A) + H*( F, , A) is an isomorphism. Given a short exact sequence of 
G-modules, two of whose members are in C, so is the third. For any prime p in P, 
the simple G-module Z/p is in C by assumption. So any simple G-module which, 
as a group, is a finite P-group is in C. Let A be a G-module which, as a group, is 
a finite P-group. Since, for any i, T&A/Tg’ A is simple as a G-module, and is a 
finite P-group it is in C. Thus, by induction on i, A/T&A is in C for all i. Since A 
is finite, the series Z-&A must stabilize at some point, say at TLA. Note that T&A 
is perfect as a G-module; that is T,(T.&A) = T.&A. Since r, F, + G is surjective for 
i = 1,2, T&A is perfect as a n,F,-module for i = 1,2. Hence (2) will be proved once 
we have proved the following proposition. 
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Proposition. Let X be nilpotent and A ajnite perfect n,X-module. Then H*(X, A) is 
trivial. 
Proof. Denote rr,X by G. Consider the class C of all G-modules B such that 
Ext&(B, A) vanishes for all i. Clearly C contains the third member of any short 
exact sequence when it contains the other two. 
Now Z is in C: since A is finite, it is an Artinian G-module. Since A is a perfect 
G-module, H,,(G, A) = A/T,A is trivial. By Theorem A, of [9, p. 1461, H’(G, A) = 
Ext&(Z, A) is trivial for all integers i. 
For any positive integer n we have a short exact sequence Z H Z * Z/n. Since 
Z is in C, so is Z/n; i.e., C contains all cyclic groups. Hence C contains all finitely 
generated abelian groups. 
Let B be any simple G-module. Then we can write B = lim, Bi where the B, are 
all finitely generated, and the direct limit is taken over a directed set. There is a 
spectral sequence lim: Ext’&(B,, A)+Extg”(B, A) (see [lo] or [S, p. 351). But the 
Bis are all in C as shown above and thus the spectral sequence above vanishes at 
the &-level. Thus C contains all simple G-modules. By a familiar argument C 
contains all nilpotent G-modules. 
By 11.2.18 of [5, p. 701, H,(X) is a nilpotent G-module for all s. Hence it is in 
C; i.e. Ext&( H,(z), A) = 0 for all integers s and t. So the universal coefficient 
spectral sequence Ext’( H,(g), A)=+ H.lT’(X, A) (see the proof of Lemma 3.10) is 
trivial, completing the proof. 0 
6. Miscellaneous remarks 
Let us recall the definition of localization of a relative group: Let a relative group 
4 : G + Q with M as the kernel be given. Assume that 4 is weakly nilpotent. There 
is a unique relative group 4, p, : G, pj * Q, where P is a fixed collection of primes, 
with kernel MI, the localization of M at P, and a commutative diagram 
Mp - GCP, - Q 
For details see [4]. 
Professor Lemaire, in a letter to Professor Hilton, raised the following question: 
“Let 4, I+!I be two weakly nilpotent relative groups over Q and (Y a morphism from 
4 to +. Then is there a homological criterion for a to be a P-equivalence?” Using 
the techniques of this paper, we give a partial answer to this question. In fact, we 
will prove a proposition. 
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Proposition. Consider the following commutative diagram, where 4 and $ are weakly 
nilpotent relative groups over Q. 
M-------, G ____‘_--, Q 
i 
n I /I 
N --------, H ___‘--, Q 
Then the following are equivalent. 
(1) a(p). . GcpJ + H,,, is an isomorphism. 
(2) a”: H*( H, A) + H*( G, A) is an isomorphism for any P-local Q-module A. 
(3) For any P-local Q-module A, a* : H i( H, A) + H’( G, A) is an isomorphism for 
i = 1 and a monomorphism for i = 2. 
(4) For any P-local weakly nilpotent relative group 7 over Q, a*: (+, T)+ (4, T) is 
a bijection. 
Proof. (l)+(Z) Let A be P-local Q-module. Consider the homomorphism between 
Lyndon-Hochschild-Serre spectral sequences 
H”(Q, H’(M A)) - Hpt9( G, A) 
e* I ~ * I 
HP(Q, H’(M,P,, A)) - H”+‘(Gc/v,A) 
Since A is simple as an M-module and is also P-local, H*(M(,,, A)+ H*(M, A) 
is an isomorphism. Hence e* is an isomorphism at the E2 level. Thus H*( G,Fj, A) + 
H*(G, A) is an isomorphism. Thus we get a square 
H*(Hc.,, A) - H*(H, A) 
H*(Gcp,, A) - H*( G, A). 
The horizontal arrows are isomorphisms as proved above. The left-hand vertical 
arrow is an isomorphism by assumption. Thus the right-hand vertical arrow is an 
isomorphism. 
(2)+(3) is trivial. 
(3)j(4)Thisissimilartotheproofof(2)j(l)inTheorem2.1:Let7beL-zR~Q. 
Then we take the lower central series L = T”L> . . . > rkL = (1) of L. Since L is 
P-local, so is riL/rit’L for all i. Given j3 in (+, T), construct yi from H to R/Z”L, 
by induction on i: Take I,!I = yo. As before, apply Lemma 3.9 to get y,+, when y, 
has been constructed. Uniqueness of liftings is also proved similarly using the 
corresponding part of Lemma 3.9. 
(4)+(l) This is standard. By [4], (4, T), w h en T is weakly nilpotent and P-local, 
is naturally equivalent to ( 4cpJ, 7). Thus ( 4cpJ, . ), ( ticp,, . ) are naturally equivalent 
on P-local weakly nilpotent groups over Q. By the Yoneda lemma, (1) follows. 
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We give two examples showing the necessity of some of the assumptions in 
Theorems 1 to 4. For the sake of simplicity we deal with the absolute case, i.e., Q 
is the trivial group. 
Note that Theorem 2 still holds, if we assume only that all the finite quotients of 
G are nilpotent. Let G be any finite non-nilpotent group. Since G is finite, its lower 
central series stabilizes at some point, say T‘G. So T’G = T‘G if i 2 s. Since G is 
not nilpotent, T”G is non-trivial. If f is a homomorphism of G into a nilpotent 
group N, f(r’G) =f(T’G) <T’N for all large i and so is trivial. Hence 
Hom( G/T‘G, N) + Hom( G, N) is surjective, and thus bijective, if N is nilpotent. 
But it is not bijective if N = G. 
Now let H be a group and G a normal subgroup of finite index in H. Assume 
furthermore that H/G is perfect. Then the cokernel of the canonical homomorphism 
from Gab to HL,h is an abelian quotient of H/ G and so is trivial. But Hom( H, H/ G) + 
Hom( G, H/G) is obviously not injective. Thus in Theorems 1 and 3 we need some 
condition on $ to deduce that (1) implies (5). 
In Theorems 5 and 6, we might be able to relax the conditions a little more. If 
X and Y were Postnikov spaces of finite type in the sense of [ 11, and P the collection 
of all the primes, the result is true. The precise conditions needed are not quite clear. 
Relationship with Adams completion 
We indicate the restatement of our theorems using Adams completion: Let S be 
the class of all maps that induce isomorphisms in homology with mod p coefficients 
for all p in P Then f: X + Y is in S iff for any simple space 2 whose homotopy 
groups are finite P-groups,f* : [ Y, Z] + [X, Z] is bijective. Defines S’ to be the class 
of all f: X + Y s.t. for any path-connected space Z whose homotopy groups are 
finite P-groups, f* : [ Y, Z] + [X, Z] is bijective. 
Theorem [2]. The Adams completion A w.r.t. S exists. If X is nilpotent, AX is the 
Bousjield-Kan completion and if X is nilpotent of$nite type, AX is T?,,, the P-prqfinite 
completion. 
Theorem. The Adams completion A’ w.r.t. S’ exists; A’ is essential equivalent to 
P-pro$nite completion. 
See Theorem 5.8 and subsequent remarks of [3]. 
Then for any X, we have a homotopy commutative diagram 
X - AX 
I 
/q 





A’X - A’AX. 
I’ 
Since AX is S-complete and S’ = S, AX is S’-complete and g’ is a homotopy 
equivalence. So h exists. Our Theorem 5 says that if X is nilpotent, then h is a 
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homotopy equivalence: by [2], AX is nilpotent if X is. Sincefinduces an isomorph- 
ism in Z/p-homology, by Theorem 5, f is in S’. So f’ is a homotopy equivalence. 
Since so is g’, h is a homotopy equivalence. 
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